Abstract-Based on a very special property of the shift map (Theorem 1), we believe that chaos should involve not only nearby points can diverge apart but also far apart points can get close to each other and these happen infinitely often. Therefore, we propose to call a continuous map f (x) from an infinite compact metric space (G, d) (with metric d) to itself chaotic if there exists a positive number δ such that for any point x and any nonempty open set V (not necessarily an open neighborhood of x) in G there is a point y in V such that lim sup n→∞ d(f n (x), f n (y)) ≥ δ and lim infn→∞ d(f n (x), f n (y)) = 0.
Introduction
Let (G, d) be an infinite compact metric space with metric d and let f be a continuous map from G into itself. For any positive integer n, let the n th iterate of f be defined by putting f 1 = f and f n = f • f n−1 . Let p be a point in G and let m > 1 be an integer. We say that p is a fixed point of f if f (p) = p. We say that p is a periodic point of f with least period m (or simply a period-m point of f ) if f m (p) = p and f i (p) = p for all 1 ≤ i < m. We say that f is (topologically) transitive if, for any two nonempty open sets U and V in G, there exists a positive integer n such that f n (U ) ∩ V = ∅.
Now let Σ 2 = {β : β = β 0 β 1 · · · , where β i = 0 or 1} be the metric space with metric d defined by
and let σ be the shift map defined by σ(β 0 β 1 β 2 · · · ) = β 1 β 2 · · · . The shift map σ is often used [5, 14] to model the chaoticity of a dynamical system. For example, it is well-known that, for the logistic map f µ (x) = µx(1 − x) with any µ > 4, the dynamics of f µ on the nonwandering set where the most interesting phenomena occur is topologically conjugate to the shift map σ on Σ 2 . But, what is the shift map chaotic about?
It is well known [5] that the shift map has a point α with dense orbit (and hence is topologically transitive), i.e., * Manuscript received August 20, 2012 . This work was partially supported by NSC 95-2115-M-001-015. Bau-Sen Du is with the Institute of Mathematics, Academia Sinica, Taipei 10617, Taiwan, Tel/Fax: 886-2-2368-5999/9771 Email: dubs@math.sinica.edu.tw the orbit O σ (α) = {σ i (α) : i = 0, 1, 2, · · · } is dense in Σ 2 , has dense periodic points and has sensitive dependence on initial conditions (i.e., there exists a positive number δ such that for any point x in G and any open neighborhood V of x there exist a point y in V and a positive integer n such that d(f n (x), f n (y)) ≥ δ). Sensitive dependence on initial conditions, which is easily understood intuitively as nearby points, however close, will eventually separate a distance, is generally believed to be the central ingredient of chaos. However, does it really reveal the true nature of chaos? In [3] , it is shown that sensitive dependence on initial conditions for a contious self-map is a consequence of topological transitivity and dense periodic points and hence is a topological property. On the other hand, if we let W denote the dense invariant (but non-compact) subset of Σ 2 which consists of all elements with finitely many 1's in its expansion, then it is easy to see that, on W , the shift map is topologically transitive and has sensitive dependence on initial conditions. Yet, every point of W is eventually fixed, i.e., for every β in W , there is a positive integer n such that σ n (β) =0 = 000 · · · . So, W is a system no one would like to call it chaotic. These seem to suggest that sensitive dependence on initial conditions tells only part, but not the whole, of the chaos story. But then what is the other part?
We know that the shift map has a property called extreme sensitive dependence on initial conditions (it is called Li-Yorke sensitivity in [1, 12] ) which is stronger than sensitive dependence on initial conditions, i.e., there exists ε > 0 (for the shift map, we can choose ε = 1) such that for any point α in Σ 2 and any open neighborhood V of α there is a point
We also know [6] that the shift map has a dense uncountable invariant 1-scrambled set (S is a δ-scrambled set [13] for some δ > 0 if and only if, for any x = y in S, lim sup n→∞ d(σ n (x), σ n (y)) ≥ δ and lim inf n→∞ d(σ n (x), σ n (y)) = 0). However, are extreme sensitive dependence on initial conditions and the existence of a dense uncountable invariant 1-scrambled set all that the shift map is chaotic about? This motivates us to investigate the chaoticity of the shift map even further. Surprisingly, we find that the shift map is more chaotic than we previously thought. 
For any finite string E = γ k γ k+1 γ k+2 · · · γ k+n of 0's and 1's, let E ′ denote the finite string γ
It is evident that any element of Σ 2 whose expansion contains every finite sequence of 0's and 1's is a transitive point of σ, i.e., a point with dense orbit, and there are uncountably many of such points. Let m ≥ 5 be a fixed integer and let
For simplicity, let 0 1 = 0, 0 2 = 00, 0 3 = 000, (01) 2 = 0101, (0011) 3 = 0011 0011 0011, and so on.
For any γ = γ 0 γ 1 γ 2 · · · in Σ 2 , define a new point τ γ = τ γ (γ, X) in Σ 2 as follows and let
where
is the concatenation of the following k strings of 0's and 1's, each of length k!,
is the concatenation of the following 2k strings of 0's and 1's, each of length
We note that, in the expansion of τ γ , (1) there are infinitely many strings
(2) there are infinitely many strings
for any integer j ≥ 1, there are infinitely many strings containing (0
which imply that, for any integer j ≥ 1,
for any β and γ, and since this string also contains long string of 0's, i.e., 0 k−1 , we obtain, for any j ≥ 1,
for any positive integers i and j, there are infinitely many strings 
Therefore, with this set 
In the following, we present some examples of continous maps on the interval which also have similar chaotic property as the shift map. These examples include the tent map [9] (in section 3), a topologically conjugate class of tent-like maps [9] (in section 4) and a non-full map (in section 5). The proofs of the chaotic properties of these examples are by symbolic dynamics which is similar to that of the shift map as described in section 2 except that the respective scrambled sets are chosen differently.
The chaoticity of the tent map T (x)
Let T (x) = 1 − |2x − 1| be the tent map defined on [0, 1]. For any point a in [0, 1), let a = .a 0 a 1 a 2 · · · be the usual binary representation of a with a i = 0 for infinitely many
Then, we have (see [17] ), for all n ≥ 1,
Therefore, any number whose binary representation contains every finite strings of 0's and 1's of the form 0c 1 c 2 · · · c n , for any n ≥ 1, has a dense orbit in [0, 1] and so T is transitive.
and maps the interior of I(α 0 α 1 · · · α n ) onto the interior of I(α 1 α 2 · · · α n ) and the length of each I(α 0 α 1 · · · α n−1 ) is 1/2 n . Let Σ 2 = {α : α = α 0 α 1 α 2 · · · , where α i = 0 or 1} be the compact metric space with metric d defined by
i+1 and let σ be the shift map on Σ 2 defined by σ(
Then it is easy to see that each I(α) (⊂ I(α 0 )) consists of one point, say I(α) = {x α }, and
Furthermore, it is also easy to see that if < α(n) > is a sequence of points in Σ 2 which converges to α, then < T (x α(n) ) > converges to T (x α ) in I. Now let0 ∈ Σ 2 denote the sequence consisting of all 0's. Then it is clear that I(0) = {0}. Since T (I(10)) = I(0) = { 0 } and since the point 1 is the only point in I(1) = [ , 1] mapping to 0, we obtain that I(10) = { 1 } (see [11, Proposition 20] for a more general case). These facts will be needed in the proof of Theorem 2 below.
Let m ≥ 5 be a fixed integer and let α = α 0 α 1 α 2 · · · be a fixed transitive point in Σ 2 . Then it is clear that the unique point x α in I(α) is a transitive point in I. Let
be any given countably infinite subset of I. For each integer n ≥ 1, there is a (not necessarily unique) element β n,0 β n,1 β n.2 · · · in Σ 2 such that {x n } = I(β n,0 β n,1 β n.2 · · ·).
For any integers 0 ≤ i < j and n ≥ 1, let 
Then it is easy to check that the following result holds. 
A topologically conjugate class of tentlike maps
Now assume that f is a full map on [0, 1], i.e., for some point 0 < a < 1, f (= f a ) is a continuous map from [0, 1] onto itself such that (i) f (0) = 0 = f (1) and f (a) = 1 and (ii) f is strictly increasing on [0, a] and strictly decreasing on [a, 1]. Note that the tent map T defined in section 2 is just a special case of f . We first show that if f satisfies (a) f has a dense orbit; or (b) f has dense periodic points; or (c) f has sensitive dependence on initial conditions, then x < f (x) < 1 for all 0 < x < a.
Suppose there is a fixed point 0 < v < a. If f (x) > x for some 0 < x < v, let u be the smallest fixed point of f in [x, v] . Since f is strictly increasing on [x, u], every point in [x, u] is attracted to the fixed point u. So, f cannot satisfy any one of (a), (b) and (c). If f (x) < x for some 0 < x < v, let w be the largest fixed point of
Since f is strictly increasing on [w, x], every point in [w, x] is attracted to the fixed point w. So, f cannot satisfy any one of (a), (b) and (c). Therefore, if f satisfies any one of (a), (b) and (c), then f is strictly increasing and x < f (x) < 1 on (0, a), and f is strictly decreasing and 0 < f (x) < 1 on (a, 1).
Let I(0) = [0, a] and I(1) = [a, 1]. For α i = 0 or 1, let I(α 0 α 1 · · · α n ) be any closed subinterval of I(α 0 α 1 · · · α n−1 ) of minimum length [4, 11] such that f (I(α 0 α 1 · · · α n )) = I(α 1 α 2 · · · α n ). Hence, f maps the endpoints of I(α 0 α 1 · · · α n ) onto those of I(α 1 α 2 · · · α n ) and maps the interior of
where int(J) denotes the interior of the interval J. For
Then f (I(α)) = I(σα) and each I(α) (⊂ I(α 0 )) is either a nondegenerate compact interval or consists of one point [11] . Furthermore, if I(α) is a nondegenerate compact interval then a / ∈ ∪ i≥0 int(f i (I(α))), f maps the endpoints of I(α) onto the endpoints of f (I(α)) and the interior of I(α) onto the interior of f (I(α)). Note that it is shown in [11, Propositions 20 & 21] that I(0) = { 0 } and I(10) = { 1 } and, if I(α) ∩ I(β) = ∅ for some α = β in Σ 2 , then for some point p in [0, 1] and some k ≥ 0 and
Conversely, if
then I(α) = I(β) = {p} for some point p and f k (p) = a. These facts will be needed later.
Assume that I(α) = ∞ n=0 I(α 0 α 1 · · · α n ) is a nondegenerate interval. Then so is f i (I(α)) for every i ≥ 0 since f is not constant on any interval. Since a / ∈ ∪ i≥0 int(f i (I(α))), f i is strictly monotonic on I(α) for every i ≥ 1. Assume that f satisfies any one of (a), (b) and (c), and assume that, for some integer m ≥ 1, f m (I(α)) is a nondegenerate interval such that int(f m (I(α)))∩ int(I(α)) = ∅ (this happens when f satisfies (a) or (b)). Then f m (I(α)) = I(α) and f m maps the endpoints of I(α) onto itself and f m is monotonic on I(α). By resorting to f 2m if necessary, we may assume that f m is increasing on I(α) and fixes both endpoints of I(α). But then, one endpoint of I(α) which is a fixed point of f m attracts all points of int(I(α)) (under f m ) which clearly contradicts the assumption that f satisfies any one of (a), has finite length, we must have lim n→∞ diameter(f n (I(α))) = 0 which contradicts the assumption that f has sensitivity. This shows that if f satisfies any one of (a), (b) and (c), then I(α) consists of exactly one point for every α in Σ 2 and every point of [0, 1] belongs to I(α) for some (not necessarily unique) α in Σ 2 .
In the following, assume that f satisfies any one of (a), (b) and (c). For the sake of clarity, we write I f (α) instead of I(α) to emphasize the role of f . For every x in [0, 1], there is an α in Σ 2 such that I f (α) = {x}. If there is another β = α in Σ 2 such that I f (β) = {x}, then it follows from the above that, for some k ≥ 0, {α, β}
Therefore, f is topologically conjugate to T through ψ. This, together with Theorem 2 above, implies the following result. 
A non-full map
Now let g(x) be the continuous map from [0, 1] onto itself defined by
This map g(x) is a classical example in the Theory of Discrete Dynamical Systems on the Interval that has exactly one period-3 orbit.
On the other hand, let φ(x) be the continuous map [15, 16] from the one-point compactification space [0, ∞] of [0, ∞) onto itself defined by
In [8] , we show that g(x) and φ(x) are topologically conjugate and φ(x) has similar chaotic property as the shift map. Consequently, we have the following result. 
Then, for any countably infinite subset X of [0, 1], g has a dense uncountable invariant ( 6 The true nature of chaos Theorem 1 has a very important consequence. That is, given any point x in Σ 2 , then at just about everywhere in Σ 2 , whether it is close to x or far away from it we can always find a point y (in the dense set Y ) whose iterates satisfy lim sup n→∞ d(σ n (x), σ n (y)) = 1 and lim inf n→∞ d(σ n (x), σ n (y)) = 0. This seems to suggest that in a chaotic system the iterates of not only nearby points can diverge apart but also far apart points can get close to each other and these happen infinitely often. After all, two present far apart points may be very close to each other some time earlier.
Theorem 1 also reveals a very striking property for the shift map. That is, when we let X = {x 0 , σ(x 0 ), σ 2 (x 0 ), · · · } denote the orbit of any given point x 0 in Σ 2 , then Theorem 1 implies the existence of a dense uncountable invariant 1-scrambled set Y of transitive points in Σ 2 such that, for every positive integer m and every y in Y , lim sup n→∞ d(σ n (σ m (x 0 )), σ n (y)) = 1 and lim inf n→∞ d(σ n (σ m (x 0 )), σ n (y)) = 0. In particular, this says that, for any point x 0 and any time m earlier, at about everywhere (the corresponding dense set Y ) in Σ 2 , we can find a point y (in Y ) whose trajectory eventually catches up 
A definition of chaos
Let (G, d) be an infinite compact metric space with metric d and let f be a continuous map from G into itself. We say that f is chaotic (see also [18, 19] ) if there exists a positive number δ such that for any point x and any nonempty open set V (not necessarily an open neighborhood of x) in G there is a point y in V such that lim sup n→∞ d(f n (x), f n (y)) ≥ δ and lim inf n→∞ d(f n (x), f n (y)) = 0. By [2, 20] and Theorems 1, 2 and 4, we have the following result. The following result gives a necessary condition for an interval map to be chaotic. Proof. Let z be a fixed point of f and let W be a nonempty open set in I. Assume that f is chaotic. Then there exist a positive number δ and a point c in W such that lim sup n→∞ |f n (c) − f n (z)| ≥ δ and lim inf n→∞ |f n (c) − f n (z)| = 0. In particular, the ω-limit set ω(f, c) of c with respect to f (x is in ω(f, c) if and only if lim k→∞ f n k (c) = x for some sequence of positive integers n k → ∞) contains the fixed point z of f and a point different from z. It follows from [10] that f has periodic points of all even periods and f 2 is turbulent.
The converse of Theorem 6 is false as shown by Example 1.
